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n-principal points ( ) 2
$n$ n( $\geq$ 3)-principal points
principal points
principal points n-principal points
1
$X$ 2 $p$ $X$
n-principal points ( ) $X$ 2 (mean squared
distance) $n$
$E[d^{2}(X|\gamma_{1}, \ldots, \gamma_{n})]$ (1.1)
$R^{p}$ $n$ $\{\gamma_{1}^{*},$ $\ldots$ , $\gamma$ $X$ n-principal points (Flury (1990,
Definition 2) $)$ .
$d^{2}(x| \gamma_{1}, \ldots, \gamma_{n})=\min_{i=1,\ldots,n}\Vert x-\gamma_{i}\Vert^{2}$
$X$ n-principal points $X$ 2
$n$ (Graf and Luschgy (2000, Theorem 4.12)).
$X$ l-principal point $E[X]$ $X\sim N_{p}(0_{p}, I_{p})$ 2-principal
points $\{\pm x\in R^{p}|\Vert x\Vert=\sqrt{2}/\pi\}$
principal points self-consistent points
(Flury (1993, Lemma 1)). $X$
n-self-consistent points
$E[X|X\in C_{i}]=\gamma_{i},$ $i=1,$ $\ldots,$ $n$ (1.2)
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$R^{p}$ $n$ $\{\gamma_{1}, \ldots, \gamma_{n}\}$ $C_{i},$ $i=1,$ $\ldots,$ $n$
$\{\gamma_{1}, \ldots, \gamma_{n}\}$ :
$C_{i}=\{x\in R^{p}|\Vert x-\gamma_{i}\Vert<\Vert x-\gamma_{j}\Vert,$ $j=1,$ $\ldots,$ $i-1,$ $\Vert x-\gamma_{i}\Vert\leq\Vert x-\gamma_{j}\Vert$ ,
$j=i+1,$ $\ldots,$ $n\},$ $i=1,$ $\ldots,$ $n$
(12)
$E[X]= \sum_{i=1}^{n}E[X|X\in C_{i}]P(X\in C_{i})=\sum_{i=1}^{n}\gamma_{i}P(X\in C_{i})$
$X$ self-consistent points principal points convex hull
$E[X]$ (Tarpey, Li, and Flury (1995, Lemma 2.1)). $E[X]=0_{p}$
$X$ n-self-consistent points n-principal points $\min\{n-1,p\}$
principal points
$\{\gamma_{1}^{*}, \ldots, \gamma_{n}^{*}\}$ $X$ n-principal points
$p\cross p$
$\Gamma$ $p\cross 1$ $b$ $\{\Gamma\gamma_{1}^{*}+b, \ldots, \Gamma\gamma_{n}^{*}+b\}$ $\Gamma X+b$









(Flury (1993)), ( (1998)), 2
(Mease, Nair, and Sudjianto (2004), Mease and Nair (2006), Matsuura and
Shinozaki (2007,2010), Matsuura (2011) $)$ Tarpey and Petkova
(2010) principal points
(Tarpey and Kinateder (2003), (2008), Shimizu and Mizuta (2008), Bali
$md$ Boente (2009) ).
principal points
principal points
(Matsuura and Kurata (2010,2011)) Matsuura
and Kurata (2011) principal points
Matsuura and Kurata (2010,2011)







principal points self-consistent points
(1.2) $n$
self-consistent points 2 (1.1)
self-consistent points
( self-consistent points principal points )
principal points
n-principal points 2-principaJ points
(Trushkin (1982,1984), Kieffer (1983), Tarpey (1994), Li and Flury (1995),
Zoppe (1995,1997), (1998,1999), Yamamoto and Shinozaki $(2000a,b)$ ,
Gu and Mathew (2001), Mease and Nair (2006), Kurata and Qiu (2011) ).
log-concave n-principal points
(Trushkin (1982)).
n( $\geq$ 3)-principal points principal
points




Pollard (1981,1982), Flury (1993), Tarpey (1997), Stampfer and Stadlober










Matsuura and Kurata (2010,2011)
62
2.1 principal points
Tarpey, Li, and Flury (1995) (elliptically symmetric distribution)
n-principal points
$\phi(t)=E[\exp(it’X)]$




1. (Tarpey, Li, and Flury (1995, Theorem 4.1))
$X$ $p$ $E[X]=0_{p},$ $V[X]=\Sigma$
$\beta_{i}$
$\Sigma$ $i$ $\{\gamma_{1}^{*}, \ldots, \gamma_{n}^{*}\}$ $X$ n-principal
points $n$ span$\{\gamma_{1}^{*}, \ldots, \gamma_{n}^{*}\}$ $q$
$\Sigma$ $1\sim q$
span$\{\gamma_{1}^{*}, \ldots, \gamma_{n}^{*}\}=$ span$\{\beta_{1}, \ldots, \beta_{q}\}$
(principal subspace theorem) principal points
Li and Flury (1995)
Yamamoto and Shinozaki (2000b) (spherically symmetric
distribution) 2-principal points 1
$\phi(t)=\psi(\Vert t\Vert^{2})$ for some $\psi$ : $[0, \infty)arrow[0, \infty)$
2
0,
$N_{p}(0_{p}, I_{p})$ $S_{p}=\{x\in R^{p}|\Vert x\Vert=1\}$
Yamamoto and
Shinozaki (2000b) Tarpey, Li, and Flury (1995)
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Kurata (2008) Matsuura and Kurata (2010) Yamamoto and Shinozaki
(2000b) 2-principal points Matsuura and
Kurata (2011) n( $\geq$ 2)-principal points
2. (Matsuura and Kurata (2010, Theorem 1), Matsuura and Kurata (2011, Theo-
rems 1,2) $)$
$Y$ 2 $p$
$P(Y=0_{p})=0$ $U$ $E[U]=0_{p}$ 2 $P$
$M’M=I_{r}$ $p\cross r(r<p)$ $M$
$U\in$ span$(M)$ with probability 1
span $(M)$ $M$ $r$ $r$
$Y$ $U$ $P$ $X$
$X\equiv Y+U$ (2.1)
$r$ $X$ n-principal points 1





( $Y$ $p$ ), $r$
$X$ n-principal points (2.2)
2-principal points Matsuura and Kurata (2010,
Theorem 1) Matsuura and Kurata (2011, Theorems
1,2)
Matsuura and Kurata (2010,2011) (2.1) $U$
$P(U= \mu_{i})=\frac{1}{m},$ $i=1,$ $\ldots,$ $m$ with $\sum_{i=1}^{m}\mu_{i}=0_{p}$
$Y$ $f$ $X$
$g(x)$ Yamamoto and Shinozaki (2000b)
$g(x)= \frac{1}{m}\sum_{i=1}^{m}f(x-\mu_{i})$
( $Y$ $P(Y=0_{p})=0$ ).











$U$ $E[U]=0_{p}$ 2 $p$
$M’M=I_{r}$ $p\cross r(r<p)$ $M$
$U\in$ span$(M)$ with probability 1 (3.1)
$M$ $U$
$V[U]=M\Psi M’$ for some $\Psi$ : $r\cross r$
$p$ $Y$ $U$ $Y|(U=u)$ $(U=u$
Y) $u$ 2
$E[Y|U]=0_{p}$









span$\{\beta_{1}, \ldots , \beta_{r}\}=$ span$(M)$
65
(3.2) $U$
$P(U=\mu_{i})=p_{i},$ $i=1,$ $\ldots,$ $m$ with $\sum_{i=1}^{m}p_{i}=1$ and $\sum_{i=1}^{m}\mu_{i}p_{i}=0_{p}$ (3.3)
$Y|(U=\mu_{i})$
$X$ (2.3)
(3.2) $X$ n-principal points
1.
$X$ (3.2) $p$ $r$
$X$ n-principal points 1 $X$







$0_{p}$ $p$ n-principal points $\min\{n-1,p\}$
2.
$X$ (3.2) $P$ $n\leq r+1$
$X$ n-principal points $\{\gamma_{1}^{*}, \ldots, \gamma_{n}^{*}\}$ 1 (3.4)
$Y|U$ $U$






$U$ $E[U]=\mu$ 2 $p$
$M’M=I_{r}$ $p\cross r(r<p)$ $M$
$U-\mu\in$ span$(M)$ with probability 1
$P$
$Y$ $U$ $Y|U$ $U$
2 $p$
$X$ $X\equiv Y+U$ $n\leq r+1$ $X$ n-principal points
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$U$ (3.3) $U=\mu_{i},$ $i=1,$ $\ldots,$ $m$ $Y$
$Y|(U=\mu_{i})\sim N_{p}(0_{p}, \sigma_{i}^{2}I_{p})$
$\{\mu_{1}, \ldots, \mu_{m}\}$ $r$ $X\equiv$
$Y+U$
$N_{p}(\mu_{1}, \sigma_{1}^{2}I_{p})\cross p_{1}+\cdots+N_{p}(\mu_{m}, \sigma_{m}^{2}I_{p})\cross p_{m}$
2 $X$ $n(\leq r+1)$ -principal points Span$\{\mu_{1}, \ldots, \mu_{m}\}$
2. ( $t$ )
$U$ $E[U]=0_{p}$ 2 $p$
$M’M=I_{r}$ $p\cross r(r<p)$ $M$ (3.1) $Z$ $N_{p}(0, I_{p})$
$P$ $W$ $U$ $W|U$ $U$
2 $Y\equiv WZ$
$Y|U$ $\nu(u)$ $R^{p}arrow\{x|x=3,4, \ldots\}$
$\sqrt{\nu(u)}/W|(U=u)$ $\nu(u)$ $\chi$ $Y|(U=u)$
$\nu(u)$ $t$ $X\equiv Y+U$ $X$
$t$ $X$ n( $\leq$ r $+$ l)-principal points
span$(M)$
3. ( )
1 2 $Y|U$ (3.2)
$U$ $E[U]=0_{p}$ 2 $p$
$M’M=I_{r}$ $p\cross r(r<p)$ $M$ (3.1)
$Y$ $P$ $Y|(U=u)$ $R(u)$ : $R^{p}arrow(0, \infty)$
$S_{p}(u)=$ $\{x\in l$ $|\Vert x\Vert=R(u)\}$ $Y|U$
$X\equiv Y+U$ $X$ n( $\leq$ r $+$ l)-principal points
1 span$(M)$
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$N_{p}(\mu_{1}, \Sigma_{1})\cross p_{1}+\cdots+N_{p}(\mu_{m}, \Sigma_{m})\cross p_{m}$
: 1






$V$ $E[V]=0_{r}$ $r$ $p$




$R^{p}$ $n$ $\{\gamma_{1}, \ldots, \gamma_{n}\}$ $(i)-(iii)$ :
(i) convex hull $E[X]=0_{p}$
(ii) Span$\{\gamma_{1}, \ldots, \gamma_{n}\}$ $q$ $q\leq r$
(iii) span$\{\gamma_{1}, \ldots, \gamma_{n}\}\not\subset$ span$(E)$




$\ldots$ , { $)]$ $\leq E[d^{2}(X|\gamma_{1},$ $\ldots,$ $\gamma_{n})]$ $($4.1 $)$
$Y|(V=v)$ $fi(y|v)$ $v$
$f_{1}(y|v)>0$ for any $y\in R$ (4.2)
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(4.1)
$R^{p}$ $n$ $\{\gamma_{1}, \ldots, \gamma_{n}\}$ $(i)-(iii)$ Matsuura and
Kurata (2011, Section 5) $d( \leq\min\{q,p-r\})$ $d$
$\tau=(\tau_{1}, \ldots, \tau_{d})’\in[0,1)^{d}\equiv[0,1)\cross\cdots\cross[0,1),$ $R^{q}$ $n$ $\xi_{i}=(\xi_{i1}, \ldots, \xi_{iq})’,$ $i=$
$1,$
$\ldots,$
$n$ , $q$ 1 $r\cross 1$ $t_{11},$
$\ldots,$
$t_{1}.$ ’ $d$
1 $(p-r)\cross 1$ $t_{21},$
$\ldots,$
$t_{2d}$ $a=(a_{1}, \ldots, a_{d})’\in[-1,1]^{d}\equiv$












$E[d^{2}(X|T(e)\xi_{1}, \ldots, T(e)\xi_{n})]\leq E[d^{2}(X|T(\tau)\xi_{1}, \ldots, T(\tau)\xi_{n})]=E[d^{2}(X|\gamma_{1}, \ldots, \gamma_{n})]$
(4.3)
$e\in\{-1,1\}^{d}$ $Y|(V=v)$
$fi(y|v)$ $v$ (4.2) (4.3)
$L(a)=E[d^{2}(X|T(a) \xi_{1}, \ldots, T(a)\xi_{n})](=E[\min_{i}\Vert X-T(a)\xi_{i}\Vert^{2}])$
$Y_{q}$ $Y$ $q$ $T(a)’Y|V=Y_{q}|Vd$
$L(a)$
$L(a)=E[ \min_{i}\{\Vert\xi_{i}\Vert^{2}-2\xi_{i}’(Y_{q}+T_{1}(a)’V)\}]+E[Y’Y]+E[V’V]$
$=E[ \min_{i}\{\Vert\xi_{i}\Vert^{2}-2\xi_{i}’ (Yq+T_{1}(a)’V)\}|Y\neq 0_{p}]P(Y\neq 0_{p})$
$+E[ \min_{i}\{\Vert\xi_{i}\Vert^{2}-2\xi_{i}’T_{1}(a)’V\}|Y=0_{p}]P(Y=0_{p})+E[Y’Y]+E[V’V]$




$L_{1}(a)$ $P(Y=0_{p})=0$ $Y$ $LV$
Matsuura and Kurata (2011, Section 5)
$L_{1}(a)=E[E[ \min_{i}\{\Vert\xi_{i}\Vert^{2}-2\xi_{i}’(Y_{q}+T_{1}(a)’V)\}|V,$ $(Y\neq 0_{p})]|Y\neq 0_{p}]$
$Y|(V=v, Y\neq 0_{p})$
(Fang, Kotz, and $Ng$ (1990, Theorem 2.10)), $Y_{q}|(V=v, Y\neq 0_{p})$
$f_{q}(y_{1}, \ldots, y_{q}|v)$ $V^{\uparrow}\equiv V|(Y\neq 0_{p})$
$L_{1}(a)=E[ \int_{R^{q}}\min_{i}\{\Vert\xi_{i}\Vert^{2}-2\xi_{i}’(y+T_{1}(a)’V)\}f_{q}(y|V)dy|Y\neq 0_{p}]$
$=E[ \int_{Rq}\min_{i}\{\Vert\xi_{i}\Vert^{2}-2\xi_{i}’(y+T_{1}(a)’V^{\dagger})\}f_{q}(y|V^{\dagger})dy]$
$=\{x\in R^{q}|\Vert x-\xi_{i}\Vert<\Vert x-\xi_{j}\Vert,$ $j=1,$ $\ldots,$ $i-1,$ $\Vert x-\xi_{i}\Vert\leq\Vert x-\xi_{j}\Vert$ ,
$j=i+1,$ $\ldots,$ $n\},$ $i=1,$ $\ldots,$ $n$ ,
$y_{2}=(y_{2}, \ldots, y_{q})’,$ $\xi_{i2}=(\xi_{i2}, \ldots, \xi_{iq})’,$ $i=1,$ $\ldots,$ $n,$ $R(y_{2})=\{y_{1}|(\begin{array}{l}y\iota y_{2}\end{array})\in R_{t}\},$ $i=$
$1,$
$\ldots,$
$n$ $R_{\triangleleft}\cdot(y_{2})$ 1 1
1 ( $0$ ) $R_{i}(y_{2})$
$y_{2}$ $n(y_{2})$ $2\leq n(y_{2})\leq n$ 1
$n(y_{2})$ $R_{i}(y_{2})$ $j<l$
$a>b$ for any $a\in R_{c(j|y_{2})}(y_{2}),$ $b\in R_{c(l|y_{2})}(y_{2})$
$c(i|y_{2})$ : $\{1, \ldots, n(y_{2})\}arrow\{1, \ldots, n\}$
$\xi_{c(i|y_{2})1}-\xi_{c(i+1|y_{2})1}>0,$ $i=1,$ $\ldots,$ $n(y_{2})-1$
$h(y_{2}|i)= \frac{\Vert y_{2}-\xi_{c(i|y_{2})2}\Vert^{2}-\Vert y_{2}-\xi_{c(i+1|y_{2})2}\Vert^{2}+\xi_{c(i|y_{2})1}^{2}-\xi_{c(i+1|y_{2})1}^{2}}{2(\xi_{c(i|y_{2})1}-\xi_{c(i+1|y_{2})1})}$ , (4.5)
$i=1,$ $\ldots,$ $n(y_{2})-1$ ,
$h(y_{2}|0)=\infty,$ $h(y_{2}|n(y_{2}))=-\infty$
$R_{c(i|y_{2})}(y_{2})=\{y_{1}|h(y_{2}|i)<y_{1}\leq h(y_{2}|i-1)\},$ $i=1,$ $\ldots,$ $n(y_{2})$
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$Z_{1}$ $=$ $t_{11}^{f}V^{\star},$ $Z_{2}$ $=$
$T_{12}(a_{2})’V^{\star},$ $A_{i}$ $=$ $\xi_{c(i|T_{12}(a_{2})’V^{\star})1}^{2}-2\xi_{c(i|T_{12}(a_{2})’V^{\star})1}a_{1}t_{11}^{f}V^{\star}+\Vert\xi_{c(i|T_{12}(a_{2})’V^{\star})2}\Vert^{2}-$
$2\xi_{c(i|T_{12}(a_{2})’V^{\star})2}’T_{12}(a_{2})’V^{\star}$ $\xi_{c(i|T_{12}(a_{2})’V^{\star})1}$












































(4.7) $u$ $uarrow+O$ $0$ $0$ $u<0$
$a_{1}<0$ $a_{1}=0$


















$L_{2}’(a_{1}, a_{2}, \ldots, a_{d})$














$k(Z_{2})$ ( $h(T_{12}(a_{2})’V^{\star}|k)<0\leq h(T_{12}(a_{2})’V^{\star}|k-1)$ $k$
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$k(T_{12}(a_{2})’V^{\star})$ )






$a_{1}<0$ $a_{1}=0$ $L_{2}(a)$ $a_{1}$










$f_{q}(y_{1}, \ldots, y_{q}|v)>0$ for any $(y_{1}, \ldots, y_{q})’\in R^{q}$
$\frac{\partial^{2}L_{1}(a)}{\partial a_{1}^{2}}<0$ $L(a)$ $a_{1},$ $\ldots,$ $a_{d}$
(43)
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